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Well accepted conjectures

• Berry, Tabor (1977):

Integrable systems =⇒ Poisson statistics

(∆+Ε)Ψ=0



3-d Anderson model at metal-insulator transition

3-d Anderson model

H =
∑

i

εia
†
i ai −

∑

j= adjacent to i

a†
jai

εi=i.i.d. random variables between −W/2 and W/2



Spectral characteristics of 3-d Anderson model at

metal-insulator transition
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Characteristic features of intermediate statistics

•



Random matrix models of intermediate statistics

Mij = εjδij + V (i − j)

Typically:

V (i − j) ∼ g

|i − j|α

εji



Critical power law banded random matrices

(Mirlin et al (1996))

N × N Hermitian matrices whose elements, Hij , are i.i.d. Gaussian

variables (real for β = 1 and complex for β = 2) with zero mean

〈Hij〉 = 0 and the variance 〈|Hii|2〉 = 1/β and

〈|Hij |2〉 =

(

1 +
(i − j)2

b2

)−1

for i 6= j

Perturbation series: (Mirlin, Evers (2000))

• b ≫ 1: Dq = 1 − q/(2πβb) , χ = 1/(2πβb). Dq = 1 − qχ

• b ≪ 1: (cβ = 1 for β = 1, cβ = π/
√

8 for β = 2)

Dq = 4bcβ
Γ(q − 1/2)√

πΓ(q)
, χ = 1 − 4bcβ

Dq = Γ(q−1/2)√
πΓ(q)

(1 − χ) , D1 = 1 − χ

Absence of universality for spectral statistics



Ruijsennars-Schneider ensemble

(E.B., Schmit, Giraud (2009))

• Ruijsenaars - Schneider classical integrable model

H(p, q) =
N
∑

j=1

cos(pj)
∏

k 6=j

(

1 − sin2 πa

sin2 µ
2 (qj − qk)

)1/2

• Ruijsenaars - Schneider ensemble of random matrices

N × N unitary matrix related with the Lax matrix of this model

Mkp = eiΦk
1 − e





1 < a < 2

p(s) ≡ p(1, s) = 0 for s > a

p(2, s) = 0 for s < a and s > 2a

p(3, s) = 0 for s < a and s > 3a

a = 4/3

p(s) =
81

64
s2, 0 < s < a, p(2, s) =

(

−3

2
+

27

16
s − 81

512
s3

)

e3s/



2 < a < 3

Tedious calculations and complicated expressions

p(s) ≡ p(1, s) = 0 for s > a

p(2, s) = 0 for s > a

p(3, s) = 0 for s < a and s > 2a



Fractal dimensions

Fractal dimensions are not yet accessible for analytical calculations

Perturbation series = the only analytical way to them

The Ruijsenaars-Schneider ensemble:

Mmn = eiΦm
1 − e2πia

N
(

1 − e2πi(m−n+a)/N
)

Perturbation series are possible around all integer points a = k.

a = k + ǫ

Mmn = M (0)
mn

(

1 +
πi(N − 1)

N
ǫ

)

+ ǫM (1)
mn + O(ǫ2)

where

M (0)
mn = eiΦmδn, m+k

M (1)
mn = eiΦm(1 − δn, m+k)

πe−πi(m−n+k)/N

N sin(π(m k

+



Perturbation series for strong multifractality:

|Dq| ≪ 1

a ≪ 1 −→ M
(0)
mn is diagonal −→ degenerate perturbation series

• Unperturbed eigenfunctions Ψ
(0)
j (α) = δjα

• Unperturbed eigenvalues λα = eiΦα

The first order = the contributions of 2 × 2 sub-matrices




Mmm Mmn

Mnm Mnn



 ≡





eiΦm eiΦmh

−eiΦnh∗ eiΦn



Mean moments of eigenfunctions

Iq =
1

Nρ(E)

N
∑

j,α=1

〈

|Ψj(α)|2qδ(E − Eα)
〉

.

ρ(E) = the total mean eigenvalue density. For RSE: ρ(E) = 1/2π

Fractal dimensions



where

J(q) =

∫ ∞

−∞

[

1

(1 + e2t)q
+

1

(1 + e−2t)q
−1

]

cosh(t)dt = −
√

πΓ
(

q − 1
2

)

Γ(q − 1)

One gets

N−1
∑

j=1

π

N sin(πj/N)
= 2 ln N + 2(γ + ln 2 − ln π)

Finally when N → ∞

Iq −→ −2a
Γ
(

q − 1
2

)

√
π Γ(q − 1)

ln N

By definition Iq −→ N−(q−1)Dq



Perturbation series for week multifractality:

|1 − Dq| ≪ 1

When a = k + ǫ and k 6= 0 the unperturbed matrix

M (0)
mn = eiΦmδn, m+k

is the shift matrix and its eigenfunctions are extended

The case k = 1

Eigenvalues λ(α) and eigenfunctions Ψ
(0)
n (α) of M

(0)
mn are

λ(α) = eiΦ̄+2πiα/N , Ψ(0)
n (α) =

1√
N

eiSn(α),

Sn(α) =
2π

N
α(n − 1) −

n−1
∑

j=1

(Φj − Φ̄), Φ̄ =
N
∑

j=1

Φj



The first order in ǫ = a − 1

Cαβ = ǫ

∑

mn Ψ
(0)∗
m (β)M

(1)
mnΨ

(0)
n (α)

λ(α) − λ(β)

At the leading order in ǫ

〈

N
∑

n=1

|Ψn(α)|2q
〉

= N1−q
[

1 +
q(q − 1)

2
W (α)

]

,

W (α) =
1

N

N
∑

n=1

〈[

∑

β

eiSn(β)−iSn(α)Cαβ + c.c.
]2〉

.

Direct (but tedious) calculations show strong cancellations and

W (α) = ǫ2 π2

N3

N−1
∑

β=1

N−1
∑

n=1

sin2(πβn/N)

sin2(πn/N) sin2(πβ/N)
.

When N





Spectral compressibility for RSE

• 0 < a < 1

χ = (1 − a)2.

χ −→ 1 − 2a, |a| ≪ 1

• 1 < a < 2

χ =

(

a2

4
− 4a(1 − a)z2 + a2 sinh2 z

(2z − sinh 2z)2
sinh2 z

)

sinh2 z

z2

where z is the solution of

a =
2z2 − z sinh 2z

z2 + sinh2 z − z sinh 2z

z is real when 1 < a < 4/3

z is imaginary when 4/3 < a < 1

For a = 4/3, χ = 1/9



• 2 < a < 3

χ =
1

a(sin2 z + z2 − z sin 2z)2

[

(a − 3)2(a − 2)z2 − 6(a − 2)z2 sin2 z

−(a − 3)(a − 1)(2a − 5)z3 sin 2z + 2(a − 2)(cos 2z + 2)(a − 1)(a − 2)z2 sin2 z

−2a(a − 2)(2a − 3)z cos z sin3 z + a(a − 1)2 sin4 z
]

where

x =
a sin2 z + (a − 2)z2 + (1 − a)z sin 2z

(a − 1) sin2 z + (a − 3)z2 + (2 − a)z sin 2z

and
ex

x
=

sin z

z
ez/ tan z

From exact expressions it follows

χ −→







1 − 2a |a| ≪ 1

(a − k)2

k2
|a − k| ≪ 1 and |k| ≥ 1



Fractal dimensions for CrBRME and RSE

CrBRME RSE

Weak multifractality

1/b ≪ 1 |a − k| ≪ 1

Dq = 1 − q 1
2π β b

Dq = 1 − q (a−k)2

k2

χ = 1
2π β b

χ = (a−k)2

k2

Strong multifractality

b ≪ 1 |a| ≪ 1

Dq = 4bcβ



Conjecture: χ = 1 − D1/d , (E.B. and Giraud (2010))

Wave function entropy (information dimension):

−
〈
∑

n |Ψn(α)|2 ln |Ψn(α)|2
〉

−→ D1 ln N

Chalker, Kravtsov, Lerner (1996): χ = 1/2 − D2/2d







Critical ultrametric matrices

(Fyodorov, Ossipov, Rogriguez (2009))

2K × 2K Hermitian matrices with independent Gaussian variables

with zero mean and 〈|Hnn|2〉 = W 2. 〈|Hmn|2〉 = 22−dmnJ2, dmn =

the ultrametric distance between m and n along the binary tree
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Higher dimensional conjecture: χ = 1 − D1/d

Standard two-dimensional critical model:

MIT in the quantum Hall effect

via the Chalker-Coddington network model

(Evers et al. (2008)) −→ D1 = 1



Summary

•



Compressibility for ultrametric ensemble

By definition: χ = 1 + limL→∞ limN→∞ FL,N ,

FL,N =
1

ρ̄

∫ L/ρ̄

−L/ρ̄

[R2(E + s/2, E − s/2) − ρ̄2]ds.

Here R2(E1, E2) is the two-point correlation function

R2(E1, E2) =
〈

N
∑

m6=n

δ(E1 − λm)δ(E2 − λn)
〉

,

ρ̄ = Nρ(E) is the mean density.

In the first order of perturbation series it is sufficient to consider

2 × 2 sub-matrix




Hmm Hmn

Hnm Hnn



R2(E + s/2, E − s/2) =

=
∑

n 6=m
δ(E+s/2−ξ−

√



FL,N ≈ 2ρ

〈

K−1
∑

i=i0

2i

√

( L

ρN

)2 − 4
(J |z|

2i

)2

〉

− 2L

with i0 such that L/(2ρN) ≈ J |z|/2i0 .

K−1
∑

i=i0

2i = 2K − 2i0 = N − 2J |z|N
Lρ

Therefore

FL,N ≈ 2ρ
〈

K−1
∑

i=i0

2i
[

√

( L

ρN

)2 − 4
(J |z|

2i

)2 − L

ρN

]

− 2J |z|
〉

Change i to 2J |z|/2i = L/(xρN). Then

F (L, N) ≈ 4ρ
J

ln 2

〈

|z|
[

∫ xm

1

(
√

1 − 1/x2 − 1)dx − 1
]〉

where xm = L/(4ρJ |z|). In the limit L → ∞, xm → ∞.
∫∞

1
(
√

1 − 1/x2 − 1)dx = 1 − π/2, 〈|z|〉 =
√

π/2, and ρ(0) = 1/
√

2πW :

χ = 1 − π J√
2 ln 2 W


